Abstract. Denoting by V (n) the number of regular integers (mod n), we study properties of the sequences
Introduction
An integer a is called regular (mod n) if there is an integer x such that a 2 x ≡ a (mod n)
An element a of a ring R is said to be regular (in the sense of J. von Neumann) if there is x ∈ R such that a = axa. If R is the ring Z n of residue classes (mod n), this condition is equivalent to the congruence above. Let Reg n = {a : 1 ≤ a ≤ n and a is regular (mod n)} and let V (n) = #Reg n .
We notice that V (p α ) = p α − p α−1 + 1 = φ(p α )+ 1, where φ is the Euler function. The function V (n) is multiplicative and V (n) = ((φ(p k > 1, see [1] , [4] . We denote as usual by σ(n) the sum of natural divisors of n and by ψ(n) the Dedekind function. The formulae σ(n) =
and ψ(n) = n p|n 1 + 1 p are well known.
The sequences
In this section we prove some properties of the sequences Consider a prime p of the form p = 1 + ap 1 ...p r . Taking into account that V (n) ≤ n, for any n ≥ 1 and V (p) = p, for any prime p, we have
Therefore, It is easy to see that V (mn) ≤ mV (n) for every positive integers m, n ≥ 1. Therefore
It follows that V (n + 1) V (n) < 1 for an infinitely many numbers n.
Proof. We will use Linnik's theorem, wich states that if (k, l) = 1, then there is a prime p such that p ≡ l (mod k) and p ≪ k c , where c is a constant (one can take c ≤ 11). Let A = p≤x p prime p = 2p 1 p 2 ...p t with p 1 ≥ 3 and p 1 < p 2 < ... < p t being prime numbers. Since (A 2 , A + 1) = 1, by Linnik's theorem, there is a prime number q such that q ≡ A + 1 (mod A 2 ) and q ≪ A 2 c = A 2c , where c satisfies c ≤ 11. Let q be the least prime number satisfying the conditions above. We have q − A − 1 = kA 2 , for some k. Then q − 1 = AB, where B = 1 + kA. Since (A, B) = 1, it follows that B is free of prime factors ≤ x, and
It is known that φ(n) < V (n) ≤ n for every n > 1, and V (n) = n if and only if n is squarefree, see [1] . We thus have
Since V is multiplicative, we obtain
.
. We
It is well-known that
is the prime factorization of B, then
, we have
and (4) we obtain
By (1), (2), (5) and
AB + 1 AB → 1 as x → ∞, it follows that
By (6) from above and q ∈ A, it follows that lim inf n→∞ n∈A
V (n) = 1, so the first part of the proposition is proved. Now let A = p π(x) p≤x p prime p = 2p 1 ...p t−1 p 2 t , with p 1 ≥ 3 and p 1 < p 2 < ... < p t being prime numbers (t = π(x), the number of prime numbers ≤ x, where x > 0). Since (A 2 , A − 1) = 1, by Linnik's theorem, there is a prime number q such that q ≡ A − 1 (mod A 2 ). Let q be the least prime number satisfyng conditions from above, so q = AB − 1, where B = 1 + kA is free of prime factors ≤ x. If n is not a squarefree number, it is easy to see that V (n) ≤ n − 2, for sufficiently large n. Take n = q. Since AB is not a squarefree number, we have
We have
Using a similar argument as in the first part, we obtain that
, we deduce that lim sup n→∞ n∈B
In connection with the difference V (n + 1) − V (n), we can prove
lim sup n→∞ (V (n + 1) − V (n)) = +∞, and lim inf
n for every n which is a multiple of 4. Let p be a prime number of the form p = 4t + 1. Then V (p) = p, so
Since (according to the theorem of Dirichlet) we may take p as large as we please, the first assertion is proved. Now take p a prime number of the form p = 4t + 3. Then
Since p in the above relation may be taken arbitrarily large, the second assertion is proved.
Density problems
We study the density of the sets ψ(n) V (n) : n ≥ 1 and
In order to prove the next proposition we apply the following result of B.S.K.R. Somayajulu, [3] : Let (a n ) n≥1 be a strictly decreasing sequence of positive numbers with lim n→∞ a n = 0 (we use the notation 0 < a n ց 0), and suppose that the series a n is divergent. Then, for each s > 0, there is an infinite subseries of a n , which converges to s. 
(i)
T he set ψ(n) V (n) : n ≥ 1 is everywhere dense in (1, +∞),
Proof.
(i) Let p n the n−th prime and u n = 1 p n . Then, 0 < u n ց 0 for n → ∞ and
Now let a n = log(1 + u n ). We have 0 < a n ց 0, for n → ∞. Then
so the series ∞ n=1 a n diverges. Taking into account the result of Somayajulu, for each δ > 1 there exists (a nr ) r≥1 , such that that the subseries a nr converges and ∞ r=1 a nr = log δ. We have
and lim
(ii) Choose u n with 1 + u n = 1 1 − 1 pn . Then
= u n+1 and lim n→∞ u n = 0. So, 0 < u n ց 0 for n → ∞.
(1 + u n ) = ∞. Now let a n = log(1 + u n ). Then 0 < a n ց 0, for n → ∞.
Since a n diverges, for each δ > 1 there exists (a nr ) r≥1 , such that the subseries a nr converges and (1 + u n k ) → δ as k → ∞.
This completes the proof of (ii).
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